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Abstract

A new elliptic relaxation operator that is able to correct the erroneous increase of the redistribution from the original
one suggested by Durbin [J. Fluid Mech. 249], is developed by using an inhomogeneous correction to its source term.
In this work the amplification of the redistribution arising from the original model is investigated in detail by using
DNS analysis. It is shown that the amplification effect extends the near-wall layer into the wake layer as well as the
logarithmic layer. Also, it can be seen that the remedy of all modified neutral operators proposed so far is limited only
in the logarithmic layer. However, the behavior of the present operator can be significantly improved in the overall
region without amplification of the redistribution. The computational results for the new operator agree quite well with
the DNS/LES data without using any ad hoc additional term in the governing equations in order to obtain a rotating

effect.
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1. Introduction

In computational fluid dynamics (CFD), turbulence
models using the Reynolds-Averaged Navier-Stokes
(RANS) equation are widely employed in order to
predict complex engineering flows. Current engineer-
ing approximation for the RANS model is divided
into an isotropy one and an anisotropy one. Although
isotropy models, such as two-equation eddy-viscosity
models (EVM) etc., are unable to capture many im-
portant physical phenomena including rotation, buoy-
ancy and streamline curvature, etc., they have been
employed as a major tool in engineering applications
due to their numerical stability, low computational
cost and simple implementation. On the other hand,
anisotropy models such as the Reynolds stress equa-
tion model (RSM), algebraic stress model (ASM) etc.
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account for the effects of stress anisotropy and are
regarded as the natural and most logical models to
predict many physical effects. However, there still are
several difficult issues like pressure dominated flows
and the treatment of near wall flows, which often
diminishes the inherent superiority of the RSM as
compared with EVM, leading to an erroneous judg-
ment.

In the Reynolds stress equation model, the near-
wall turbulence modeling remains a challenging as-
signment for statistical modeling because the near-
wall region is characterized by a strong inhomogene-
ity and anisotropy due to the sharp gradients of the
mean shear and turbulence statistics. In particular, the
modeling of the pressure gradient-velocity correlation
is the primary task since the presence of a wall brings
about a strong inhomogeneous and anisotropic turbu-
lence. Most of the models for the pressure gradient-
velocity correlation used so far are based on a quasi-
homogeneous and local assumption [1, 2]. This term



K.-H. Chun et al. / Journal of Mechanical Science and Technology 22 (2008) 798~811 799

is generally divided into slow, rapid and wall-
reflection parts. The first two terms, which are called
‘pressure-strain’ correlation, are related to the volume
integrals of the two-point correlation between veloci-
ties and the pressure gradient, whereas the third term,
which is called ‘wall echo’ correlation, is the surface
integral. Many previous works for modeling each
term have proposed models for satisfying the geomet-
ric or kinematic constrains such as a realizability con-
dition and Caley-Hamilton theorem. A number of
them employed an arbitrary function in the slow part
for satisfying the two-component turbulent limit in
the near-wall region. But these models cannot gener-
ally be integrated down to solid boundaries, so they
fail to predict the correct behaviors of the near-wall
turbulence statistics. In order to correct the spurious
behavior of the pressure-strain correlation in the near-
wall region, quasi-homogeneous approximations have
led to the use of an ad hoc wall echo model for selec-
tively damping the velocity fluctuations in the wall-
normal direction only. But these methods have diffi-
culty in modeling the wall-echo term, which some-
times causes a numerical instability and difficulty in
application. Therefore, modeling for the pressure
gradient-velocity correlation still remains a challeng-
ing problem.

In order to avoid the use of these damping func-
tions, Launder and Tselepidakis [3] and Launder & Li
[4] proposed redistribution models that include an
effective velocity gradient instead of the wall-echo
term. A quasi-homogeneous model using the normal-
ized length scale gradients for the pressure-strain
correlation was also proposed by Craft & Launder [5],
which can be integrated down to solid boundaries
without having damping functions. These models are
of a parabolic character that can be described by an
algebraic expression. However, the pressure-strain
correlation has an elliptic character that can’t be sim-
ply determined by a linear expression [6].

In contrast to this local assumption, Durbin [6, 7]
proposed a way to account for the non-local character
and the near-wall inhomogeneity by solving an ellip-
tic relaxation equation that is inverted by a modified
Helmbholtz equation. The former is preserved through
the elliptic relaxation operator and the latter can be
integrated down to the wall through the use of the
boundary conditions without using the damping func-
tion. One outstanding feature of the elliptic relaxation
approach is that it accounts for the wall blocking ef-

fect that restrains the velocity fluctuations normal to
the wall and that reflects the pressure fluctuations by
the wall. This wall blocking effect, which induces an
energy transfer from the wall-normal component to
the other ones, has an effect at significant distances
from the wall through the pressure field, and it repro-
duces quite satisfactorily the inhomogeneous and
anisotropic turbulence characteristics in the near-wall
region [6-8].

However, Wizman et al. [9] showed that the origi-
nal elliptic operator induces an amplification of the
redistribution since this operator does not correctly
behave in the logarithmic layer. Manceau et al. [8]
also showed that the spurious behavior of the original
elliptic operator is due to the symmetric correlation
function used for deriving the elliptic relaxation equa-
tion, which does not account for the asymmetry of the
two-point correlations involved in the integral equa-
tion of the redistribution term. In order to correct the
drawback of the standard model, new elliptic opera-
tors were derived by some works [8-12]. For the be-
havior of these modified elliptic operators, they will
be examined in detail by using the DNS analysis in
order to understand their amplification from the ellip-
tic relaxation equations. In particular, it is of interest
to examine the fully developed spanwise rotating
channel flow due to the substantially different turbu-
lence quantities on both sides of the channel. That is,
when the rotation rates are increased, the turbulence is
gradually enhanced on the pressure side and reduced
on the suction side. After all, the energy containing
eddies become much smaller and eventually disap-
pear due to a thickening of the relaminarized region
on the suction side [13, 14].

The main objective of the present study is to ex-
plore a new neutral formulation that is able to elimi-
nate the spurious behavior of the redistribution from
the elliptic relaxation equation. The development of
this operator is given in section 2. In order to evaluate
this model, DNS analyses are conducted in section 3.
The applications for the assessment of this operator
are finally performed in a plane channel flow and
spanwise rotating channel flow at higher and wider
rotation numbers in section 4. The starting point of
this work is to confirm the amplification of the redis-
tribution arising from the existing elliptic relaxation
operators by the DNS data [15, 16]. Also, the amplifi-
cation effects for the length scale will be presented in
section 3.
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2. The modification of the elliptic relaxation
equation

It is useful in the present section to briefly outline
the method of deriving the elliptic relaxation equation
proposed by Durbin [6, 7]. The pressure gradient-
velocity correlation in the Reynolds stress transport
equation is

ap op
. =—u,—+u,— , 1
P [u, ox, " ax,.] M
which is modeled by the integral equation as
Y. (x,x")
[ =—| ——=dV(x' 2
oI, LM"X_X," (x) )

W, (x,x") here is the two-point correlation between
the fluctuating velocity and the Laplacian of the pres-
sure gradient. Here Durbin assumes the two-point
correlation as an exponential function:

Y, (xx) =V, (x',x")- f(xXx") 3)
where
F(5x) = exp {""; "'} @)

L is the correlation length scale. The integral of
Eq. (2) involving the exponential function (4) is in-
verted by a modified Helmholtz equation (V? —1/1),

2

Ly, (5)

M, - VI
0

b
Where the source term W, should be modeled.
Durbin [6] assumes that in the homogeneous situation
this term can be replaced by the homogeneous model
H,.“/. . For this source term the present work adopts an
assumption of the inhomogeneous situation unlike the
original model. Here we here assume that this term is
achieved by being decomposed into the homogeneous
and inhomogeneous parts as follows:

_E\P — (Hh v U ) + (Hmh _L2vZHinh) (6)

p ij ij ij ij ij N

h o mogenious part in h o mogenious part

Each first term in the parentheses on the right-hand
sides in Eq. (6) can be replaced by any quasi-
homogeneous pressure-strain model,

h inh __ qh
I+ T =112 ™)

In eq. (6) L°V’IL; vanishes in itself. Z’V’IT}" is

assumed by the following approximation,

VI = [(1—0) (v

inner  region

2yyinh
+o (V I )
T T outer region

The parameter o may be used to adjust the pres-
sure gradient-velocity correlation in the logarithmic
layer where there is a common region between the
inner and outer layers. In order to model the first term
of the right-hand side, we introduce the following
approximation:

; 1
(v =[OV, -Ve@vIT) |, (9)

i :|inner region 2

®)

In the logarithmic layer, assuming that IT; be-
haves as 1/y and the length scale is L=xy (x is
Von-Karman’s constant), the first term of the right-
hand side is the original operator [7] and the second
term is a neutral operator [11]. Here, we believe that
the difference between two operators reflects cor-
rectly the inhomogeneous effects of the redistribution
in the logarithmic layer. On the other hand, the sec-
ond term of Eq. (8) can be reconstructed by adding
the term  VI1} which is assumed to have vanished.

[VZI—[inh} _ |:v21—[inh:|
y outer region v outer  region

(10)
+ VI = VI

;
Thus, substituting Egs. (7)~(10) into Eq. (6), the
right-hand side of a modified Helmholz equation Eq.
(5) yields the following form:
2
—%‘PU =117 +(1-0)V o (LVI1,) - VL, , (11)

y
where
LV, =(1-0) [0V, ] +o[ VI, ] . (12)

Now, let us replace the right-hand side of Eq. (5)
by Eq. (11), thus a new formulation of the elliptic
relaxation operator can be derived as

I, —(1-0 Vo (L'VIL) =117 (13)

This differential equation model of a pressure gra-
dient-velocity correlation preserves the non-local
characteristic and accounts for the reproduction of the
wall blocking effect by applying its boundary condi-
tion that is not driven by TIT,, but by the relaxation
redistribution tensor @, .

uu
goﬁzl‘ly—g‘.ﬁT’e. (14)
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In the near-wall region the behavior of the Rey-
nolds stress transport equation is satisfied by
I,-g=-D, and I, =ne, (for example, n=-1/2
for v*). Substituting $; by Kk, for the resolution
of the elliptic equation and &, by 2/3&d, in a ho-
mogeneous approach, the elliptic equation finally
takes the following form:

qh

1, —(=0)WVo(IVf))=—L+—L. (15)
kT
where
wi, 1
o =4bb, , where b; = 2k/ —55,]. (16)

PR 1/3 14
L =C, max P C"[EJ ) 17)
1/2
T:ma}{];, cr(gj ] (18)

Here L and T are the length and time scales in
conjunction with the Kolmogorov scale in the near-
wall region, respectively. H;’.h is decomposed into a
pressure-strain correlation d??j" and a pressure diffu-
sion Dy . In the outer region of a channel flow the
pressure diffusion is negligible unlike the boundary
condition, so IT¢" is replaced by ®¢', which is also
called a redistribution term due to the energy redistri-
bution between Reynolds stress components. The
parameter (1—o) has a role in eliminating and cor-
recting the erroneous behavior of the redistribution in
the outer layer due to the strong wall blocking effect
of the elliptic relaxation equation model at the wall.

3. The behavior of the elliptic operators using
DNS data

3.1 Amplification factor

The elliptic relaxation Eq. [7], which is developed
as the alternative to a near-wall damping function or
the “wall-echo term, evidently improves the behavior
of the pressure-strain correlation in the region near the
wall. However, the original model still remains to be
modified in the logarithmic region due to an amplifi-
cation of the redistribution, as mentioned by Manceau
et al. [8] and Wizman et al. [9]. Their remedy for this
behavior was a neutral type of the elliptic operator.
Laurence & Durbin [11] were the first to propose a
neutral elliptic operator (hereafter, LD), as arranged
in Table 1. Thereafter, Durbin & Laurence [10] pro-

posed another operator (DL) rescaled by @, =4f, /L
and the new length scale modeled by the sum of the
Kolmogorov length scale and the turbulent length
scale. Wizman et al. [9] showed that the original ellip-
tic operator tends to increase slightly the slow term
through standard wall echo corrections. They sug-
gested a reformulated neutral elliptic relaxation opera-
tor by introducing the concept of a gradient of the
length scale (W1, W2). In particular, Manceau et al.
[8] proposed very theoretically a neutral operator in
the logarithmic layer. They showed that the correla-
tion function has the characteristic of asymmetry due
to the strong inhomogeneity in the vicinity of the wall
by the DNS channel flow database analysis and de-
rived the new formulation (M2) by using the asym-
metrical shape of the correlation function
L+ p(x'-x)-VL instead of L in Eq. (4). They
also proposed another new model (M1) to correct the
inversion error, which is based on the observation that
the length scale cannot be considered locally as a
constant.

The definition of a neutral or non-neutral operator
indicated in Table 1 is decided by whether the ampli-
fication factor I' from @, =T'®) is “unity” in the
logarithmic layer or not, as mentioned by Manceau et
al. [8]. This analysis is based on the logarithmic layer
assumptions: @) =C/y, k=u./C,> and e=u/Ky.
Here CD; is not the exact solution of the differential

Table 1. The model coefficients and operator types of the
elliptic relaxation equation.

Elliptic Relaxation Equation Length | Operator
scale type
Model
o a, | o |C |C, r
Present 1 8B,|4B,|0.2 | 80 | Neutral
Non-
D[7] 1 0| 1 jo2]80| "
LD[11] 1 2 | 1 [02]80] Neutral
DL [10] 1-LV’L 2 | 1 [0.2*[60*| Neutral
1-2(VL)
WI 9] ) 4 | 1 ]0.29| 80| Neutral
—2LV°L
1-2LV’L -
W2 [9] ; 2|1 o2]so| Nem
—2I’VLoV(1/L) neutral
MI [8] | 1|1 {ozlso| Nom
neutral
M2 [8] 1+16 B(VL)? 84| 1 |0.28] 80 | Neutral

2 n 12
£ e

3 3/2
Note:*L:Cf[k w2l ]
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equation, but only a particular solution without con-
sidering its boundary condition. Note that this ampli-
fication factor does not account for the behavior of
the redistribution in the near-wall and wake region
and also is not affected by the length scale. The aim
in using this factor is to classify the elliptic relaxation
operators. As a result, in order to examine the entire
region of the flow field, it is necessary to introduce a
new amplification tensor factor.

In order to investigate the amplification effects of
these elliptic operators, we will conduct several tests
for the modified neutral and non-neutral operators
separately by using the DNS data [15, 16]. First, in
order to examine the effects for the existing seven
elliptic operators, let us introduce the general follow-
ing equation:

gh

- oI 25,
&, f; = LVLNf, —o, LV [, = . +7 (19)

The set of coefficients of the elliptic relaxation op-
erators is given in Table 1. Each turbulent property of
the source term and the length scale are calculated
from the DNS data.

The <I)I‘§h model, which is very compatible with
the elliptic relaxation Eq. [9], is the quasi-linear
model of Speziale et al. [17] (hereafter SSG). The
SSG model is

CDZh = _(Cl &+ C;Pk )bA/ + ng(b[kbk/ - %bmnbnmgi/‘)

+(C, - C;B)kS,
+ C4k(b[kS/k + b/kS[k - %bmnsmndﬁ)
+ Csk(biijk + bjkVVik)

C =34, C'=—42, C,=-18 C,=08-13/B,,

C,=125 C,=04

(20)

Where the mean rate of the strain and mean vorti-
city tensors are S =%(8U,./axl +8U//8x,.) and
w, =%(8U,./axl —aU/./E)x,.) , respectively. The Rey-
nolds stress anisotropy tensor is defined as
b, =uiu/./2k—§(5,./.. B, (=h;b,) is its second in-
variant. The model constants C, ~C; are used with
those of the original model. A symmetry boundary
condition of f; is used at the center of the channel.

The wall condition is applied as

=00 fo=220Vuu, /eyt £, =0,
and f, =20V uu,/ey* . 21)

In order to confirm the amplification of the redistri-

bution, the present work introduces an amplification
tensor factor T'; instead of T'. This factor is defined
by
M
i Wgh :

22

Where the source term go;}’ of the elliptic relaxation
equation represents the quasi-homogeneous redistri-
bution tensor. This term, which should be modeled,
consists of the pressure-strain part and the anisotropy
dissipation part. The turbulent properties used in this
equation are calculated from the DNS data. The de-
pendent variable f, is solved from the Poisson
equation. T'; is able to examine the reduction/
amplification effect of the redistribution arising from
the elliptic relaxation equation from the wall to the
center of the channel. It is one of our primary works
to investigate the relationship between the amplifica-
tion factor and the Reynolds stress. The results will be
shown in section 4. Note that it is important for the
amplification factor to maintain a neutral value
(T,=1) in the log layer except go;" —0 and
kf,; #0 when using a quasi-homogeneous pressure-
strain model which correctly predicts the redistribu-
tion in the logarithmic layer. In the near-wall region,
it is also necessary for normal components to obtain a
value of |F,./.| <1 in order to correct the redistribution.

3.2 Length scale in the elliptic operator

Fig. 1 shows the amplification factors I',, of the
wall-normal direction for the redistribution of the
original elliptic relaxation equation. The profiles
clearly show how the original model is amplified
across the channel flow field and how it is affected by
the Reynolds number increasing from Re, =180 to
590. The trend of the amplification factor is divided
into three parts: the near-wall region, the log region
and the wake region. First, in the near-wall region
(y"<80; I'),=1 at y"=78) the pressure fluctuation
is strongly blocked due to the presence of the bound-
ary condition, which will reproduce quite satisfacto-
rily the features of the near-wall flow, as shown by
previous works. In the logarithmic region, the ampli-
fication factor for Re, =590 is increased up to
I,,=1.27 at y* =167, and then shows a moderate
decline in the upper logarithmic layer. However, in
the case of Re, =180 it is immediately amplified
without any gentle decrease of the redistribution be-
cause I',, only has a narrow log region. In the wake
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Neutral line

0 l(I)O 2(I)0 3(I)0 4(I)0 S(I)O 600
y+

Fig. 1. The profiles of the amplification factor I',, of the

original elliptic relaxation equation using the DNS analysis.

region, it is shown that the amplification factors are
again sharply increased from the wupper part
(y* =400) of the logarithmic layer up to the center
of the channel. In fact, this terrible amplification
[fsol] is a decisive motive for this work.

The magnitude of the length scale in the logarith-
mic layer is decided by its empirical constant C,
and the strength of the kinematic blocking at the wall
is related to the constant C,C, of the Kolmogorov
length scale. Here a value of C, =80, which links a
boundary between the turbulent and Kolmogorov
length scale, has been used without an objection. Es-
pecially, from an analysis of DNS data, Manceau et al.
[8] showed that the original value is adequate and
reasonable. However, C,C, has been on occasion
changed with the development of each elliptic opera-
tor.

In Fig. 2, the effect of this constant is presented by
the behavior of the relaxation operator along the wall-
normal direction. If C,C, is much larger than the
original value 16, then the redistribution tensor &f,,
should be underestimated in the near-wall region, as
mentioned in Durbin [6]. On the other hand, it can be
seen that kf,, is strongly amplified in the wake re-
gion. The overestimation is probably induced by the
over-prediction of wall blocking, which means that
the largely predicted eddies by means of the magni-
tude of the length scale encounter the wall.

The amplification in the wake region is somewhat
related to the pressure diffusion DZ, excluded in the
source of the elliptic relaxation equation. It is very
interesting to examine the effect of D7, . As previ-
ously stated in the original model, the pressure diffu-
sion DZ is only expressed by its boundary condition,
so this term is directly reproduced in the near-wall

3
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Fig. 2. The effect of the amplification of the redistribution

arising from the length scale in the original elliptic relaxation
operator.
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Fig. 3. (a) The wall-blocking effects and the amplification of
the redistribution (b) the magnitude comparison between the
source term and pressure diffusion, evaluated from the origi-
nal elliptic relaxation equation using the DNS analyses.

region as shown in Fig. 3(a). In the logarithmic region
D?, is much smaller than ? ; thus it is able to be
negligible. However, in the wake region the magni-
tude of DZ, is the same order in comparison with
@& (not ®% ) as shown in Fig. 3(b). So D, isn’t
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accurately reproduced by the effect of the boundary
condition due to a considerable distance from the wall.
Hence, if the exclusion of the pressure diffusion is the
reason for the amplification in the wake region, it is
not able to be negligible any longer in the source term
of the elliptic relaxation equation. Unfortunately,
when this term is used in the Reynolds stress transport
equation, it is usually absorbed into a gradient trans-
port. Therefore, its own tried-and-true model does not
exist explicitly and is only reflected in the value of the
empirical coefficient C,.

As a result, in the wake region as well as the loga-
rithmic region the amplification of the elliptic opera-
tor induces an inaccurate redistribution between the
components of the Reynolds stresses. The original
elliptic model therefore must be modified by adjust-
ing the elliptic operator or by correcting the source
term. Now, note that using a larger length scale at the
wall, the constant C, C, should be carefully adopted.

3.3 Behavior of elliptic operators

As mentioned in part 3.1, the modification of the
elliptic relaxation equation is associated with the el-
liptic relaxation operator (Manceau et al. [8], Wizman
et al. [9], Durbin and Laurence [10], Laurence and
Durbin [11]) involving the length scale (Pettersson
and Andersson [12]). In order to compare these am-
plification factors of the non-neutral operators (D, M1
and W2) and of the neutral operators (LD, DL, W1
and M2), a standard length scale is used with its
original coefficients C, =0.2and C, = 80. The pres-
sure-strain term in the source term is the SSG model.
Also, the original coefficient of both the W1 and M2
models will be examined for 0.29 and 0.28, respec-
tively.

Fig. 4(a) shows the amplification factor I'), of the
elliptic operators given in Table 1. In the logarithmic
region, the original model is amplified the largest in
comparison with the other operators, as pointed out
by Manceau et al. [8, 18]. But the peak value of I'),
is 1.27, which is lower than 1.51 [8] that is obtained
by assuming that the elliptic relaxation equation is not
affected by the boundary condition. Two other opera-
tors I} and T’ are predicted with the values of
0.84 and 0.83 at y" =220 under the neutral line,
respectively. Both models are dependent at the
—2LV’L term rather than 2(VL)*and 2I°VLoV(I/L)
in « . Fig. 4(b) shows that I’ with ¢ =
1-2LV’L -2IVLoV(I/L), &, =2 and o =1 is

relatively lower than T2 (o, =1-LV’L)and T2
(¢, =1). The reason is that the W2 operator is
strongly affected by —2LV?L  rather than
—2I°VL-V(1/L) in «. Fig. 4(c) shows that, when
a, increases with ¢, =1 and o,=1, TIZ
(a,=2), unlike T3' (a,=1) and T2, (&,=0),
is moving towards the neutral line. As regards the
effect of the coefficient «, , it can also be seen that a
comparison between the D and M1 models is avail-
able. In Fig. 4(d) the W1 (C,=0.29) and M2 (0.28)
models using a larger length scale show that the redis-
tribution is strongly damped in the near-wall and
logarithmic layer, and then it is considerably ampli-
fied in the wake layer. Now note that the M2 operator
is sensitive to the value of £ in ¢, and ¢, in the
entire region of the channel. If this coefficient is much
larger than the neutral constant ( £ =1/12), [')}}* will
rapidly fall below the neutral line in the y* =50~250
region. In this work, £=1/12, which is a standard
value for satisfying the neutral operator, is used
unless mentioned explicitly.

As a result of the investigation of the elliptic opera-
tors through the DNS analyses, the neutral models are
comparatively well predicted to the neutral line rather
than those of the non-neutral models. However, when
the same length scale is used, it can be seen that the
prescriptions of the modified elliptic operators are
only limited in the logarithmic layer. Therefore, these
formulations are not fully free from the amplification
of the redistribution in the outer layer in the situation
considering a boundary condition. As shown in Fig. 4,
the neutral elliptic relaxation operators have been
modified significantly, but the results of the DNS

25

® e L @/
W ;
i . ! — Present
2.0 el 10 [C=02,C =80 / s D
; B y
: ; e LD
H 0.75 /"‘? ——
1.5 466z 0 30 e o
M
[ o
104 ¢ s
f —————— M2
05 ; 125 ©
O'O_i? 100 .
"

0 100 200 300 400 500 600

y+
Fig. 4. A comparison of the amplification factors for eight
elliptic operators, neutral equations (lines) and non-neutral
equations (symbols), using DNS data Re, =590 : (a) The
behavior of the amplification factors, (b) The effect of ¢, in
logarithmic layer, (c) The effect of «, in the logarithmic
layer, (d) The effect of the coefficient C, of original length
scale .
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analyses indicate that further modifications are re-
quired. Unlike the operators proposed so far, the pre-
sent elliptic operator using the inhomogeneous cor-
rection comes close to the neutral line without spoil-
ing the redistribution in the near-wall region as well
as the wake region, except for a slight amplification
in the core region of the channel. This effect again
will be mentioned in part 4.2.

4. Application

For a more thorough check of the agreement of the
prior results with the DNS data, we have conducted
predictions with the Reynolds stress equation in both
the cases of fully developed non-rotating and span-
wise rotating channel flows. The Reynolds averaged
Navier-Stokes equation and the continuity equation
are given by

o (23)
o, e
DU. oP 9 U _

b=t | et puy |=20QU e, - (24
Dt ax, axj [,u axj P u,u/] pQ/ Ciik (24)

The governing equations are closed with the Rey-
nolds stress transport equation uu; .

Duiu/ v ‘ D uiu/
7=(PV_ +R)+(D; +D;+Df)+, —Tg (25)
where
—JU, — U,
P = 2 294 (26)
! ox, o,
R; =-2Q, (ujum e, T U, ejkm) , 27
Ouu,
D! = 9,0 (28)
ox,| ox,
C,— _Ouu,
D, + D! =i —Luu, TLM’ . (29)
Y ox | o, ox,,

B;, R, are the generations by the mean shear and
by the system rotation, respectively. The effects of
rotation are produced through a rotational production
term which appears not only in the momentum equa-
tion governing the mean flow but also in the transport
equations governing the Reynolds-stress tensor. Dj,
D{.’/, and D/ are the laminar viscous, turbulent and
pressure diffusion, respectively. ), , which was

mentioned in section 2, is the redistribution tensor and

the final term ﬁg/k is the anisotropy dissipation
rate tensor.

The model equation for the Reynolds stresses are
finally closed with the transport equation for the dis-
sipation rate ¢ of the turbulent kinetic energy,

&:CElEc_Cszg_}_ Ie i J [Cﬂrag

Dt T x,0x; ETx, E n ox;

],(30)

For the closure of £ and u;u I the constants
used here are

C,=026, C,=1351+0.15"¢),

0,=10, o,=13.

C,, =183,

The numerical scheme uses the well-established fi-
nite-volume method. The dependent variables are
solved by TDMA. No-slip boundary conditions at the
solid walls are U, =0, Tz@z 0 and e=2vk/y*.
The elliptic relaxation equation is given in Section 3.
For the source term of the elliptic relaxation equation
the quasi-homogeneous pressure-strain correlation is
the SSG model. The results are normalized with the
friction velocity. The value of y* at the node nearest
to the walls is located at about 0.25 based on a non-
rotating flow for all of the test cases. The grid expan-
sion is applied towards the center of the channel and
its rate is about 1.02.

4.1 Non rotating channel flow

In the plane channel flow Re, =180, Fig. 5 shows
the amplification factor for all four different elliptic
relaxation models (Present, D, W1 and M2). In order
to test the effect of the length scale, the W1 and M2
operators, which are originally modeled with C, =
0.28, and 0.29, respectively, are additionally calcu-
lated for C, =0.2 with C, =80. The reason for the
additional test is that C, in the elliptic operator was
very sensitive from the DNS analyses of the previous
section. Before referring to the mean velocity and
turbulent properties, it is important to examine the
amplification factor of the wall-normal component
that directly has an effect on the wall blocking away
from the wall. It is shown that the trend of the ampli-
fication factors is almost similar to the results of the
previous sections by using the DNS data. That is,
[}, is the most amplified, whereas T, is predicted
as the lowest. In Fig. 5(b) all four profiles of I',,,
which receives turbulent energy from the reduction of
the wall-normal redistribution due to a wall-blocking
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effect, is very similar to those of T,, .

The amplification factors for the shear component
are also illustrated in Fig. 5(c). It can be seen that the
present and D models reproduce the neutral line with-
out an amplification of the redistribution in the outer
layer very well. Whereas T7,' is gently damped.

This feature is also apparent in I'/i*, which reacts
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weakly in comparison with the amplification of the
normal components.

As regards the effect of the length scale, an evident
result is that, by increasing the C,C, constant, the
amplification of the redistribution is induced in the
whole region, unlike the behavior of the elliptic op-
erator that is only dependent around the logarithmic
region.

0.0 0.1 0.2 03 0.5
y/2h
(b)
3
1
L 8.0 0 0 0 o O
EE B g
r12
Present----- D
W1 (C,=0.29) -~ - W1(C =0.2)
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OTZ OTS 0?4 0.5
y/2h
©

Fig. 5. Comparison of the amplification factors of the redis-
tribution by the four elliptic operators at Re, =180 in the
channel flow.
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Fig. 6. Comparison of Reynolds stress components calculated
from three operators with the DNS data Re, =180 in the

channel flow.
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In Fig. 6 the profiles of the Reynolds stress compo-
nents for all four tests of the three operators (Present,
D, M2) are compared with the DNS data [§]
Re, =180 . In the inner layer Fig. 6(a) shows that the
wall-normal component vt for all of the models
agrees very well with the DNS except for M2 with
C, =0.28. It can be seen that although the M2 model
using the coefficient C, =0.28 is substantially under-
predicted, the result using 0.20 gives a reasonable
prediction. The profile v of the D model is over-
predicted in comparison with the DNS data in the
overall region. This result is directly related to the
underprediction of the streamwise component as
shown in Fig. 6(b). Both normal stresses of the M2
model (C, =0.2), which have a smaller amplification
of the redistribution than those of D model, are
slightly improved due to the ¢, and ¢, coefficients
of the elliptic relaxation equation. The present model
keeps better track of the DNS than the other operators
in the whole region. Fig. 6(c) shows that the results of
the four operators for the shear component wuv*
agree very well with the DNS data.

As a result, it can be seen that the neutral parameter
(1-0)=4B, correctly eliminates the amplification
of the redistribution arising from the elliptic operator
in the outer layer. The energy transfer of the wall-
normal redistribution component has an effect on two
other normal Reynolds stresses since the sum of the
normal redistribution components becomes zero in
the main region of the flow. Therefore, it can be con-
cluded that present model is able to obtain improved
results by almost perfectly eliminating the amplifica-
tion. This can again be explained by the result that the

20
o DNS
Present
154 - D
M2 (C_=0.28)
7777777 M2 (C =0.2)
+ 104
U
5 -
0 T '

y/2h

Fig. 7. Comparison of the streamwise velocity calculated
from four operators with the DNS data Re, =180 in the
channel flow.

correct prediction of the present model for the mean
velocity is improved more than the original model in
both the logarithmic and wake regions, as shown in
Fig. 7.

4.2 Rotating channel flow

In the simulations for the rotating channel flows us-
ing the elliptic relaxation method, Wizman et al. [9]
and Pettersson & Andersson [12] by using their modi-
fied elliptic models were successfully able to apply
them with an additional source term in the dissipation
rate transport equation. According to Wizman et al.
[9], in the near-wall region the agreement with the
DNS was only satisfactory when the additional term
was explicitly introduced into the dissipation equation,
not from the elliptic relaxation equation. On an ex-
amination for the dissipation rate of an isotropic tur-
bulence, moreover, Speziale [19] demonstrated that
the additional term in the dissipation rate equation is
not only theoretically unfounded but it is also limited
at a local rotation number. Hence, the use of an addi-
tional term can induce unphysical phenomena on
industrial applications since it is purely empirical. In
the present calculations, where no additional terms in
the governing equation as well as the dissipation rate
equation are used, the rotation effects are induced
only from the rotational production and the absolute
vorticity of the pressure-strain term in the Reynolds
stress equation.

In order to evaluate the performance of the present
elliptic operator for the spanwise rotating channel
flows, the computational results are compared with
the three DNS/LES data: Kristoffersen & Andersson
[13] (hereafter, KA-DNS) for Re=194 and
Ro(=2hQ/U,) = 0.0 to 0.5; Piomeli & Liu [14] (PL-
LES) at Re, =320=320 and Ro=0.21=0.21; and
also El-Samni & Kasagi [20] (EK-DNS) at
Re, =150 =150 and Ro=1.0=1.0.

Fig. 8(a) shows that the wall-normal redistributions
#,, (=kf,,) of the present operator along with three
different ones (D, LD and W2) are compared with the
KA-DNS data for Re, =197 and Ro=0.15. The D
model shows that the profile of £f,, is overestimated
on the suction side, which exhibits a relaminarization,
and is underestimated at the pressure side. The LD
operator, which predicted a lower amplification in the
logarithmic layer, gives a better prediction at the suc-
tion side in a comparison with that of the original
model. But the redistribution of this operator is still
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overestimated. To be noted is the fact that, in the
main part of the channel, the result of the DNS data
has a large negative distribution, whereas those of the
three elliptic models are positive. This same result
was also observed at higher rotation numbers. It is
interesting that the gap between the present prediction
and the DNS data balances the pressure diffusion
D7, and it has almost a similar magnitude in com-

0.04
o kf,,, KA-DNS &
. s D’ KA-DNS
0.02 [N Present ----- D N

e
I

-0.04 T T T T

----- D

‘LD
W2
-2 -
0.0 0.2 ; ) : 1.0

o DNS

Present
»»»»» D
LD
-mem W2
0.4 0.6 0.8 1.0
y/2h
(©

Fig. 8. The comparison of four operators in a rotating channel
flow at Re, =197 and Ro=0.15: (a) The wall-normal
redistribution tensor 4f,, , (b) the amplification factor of
redistribution tensor, (¢) wall-normal stress.

parison with the redistribution term in Fig. 8(a). Al-
though the pressure diffusion in the outer layer is
absorbed into the gradient transport through the
model coefficient C,, its effect is also presented by
the boundary condition of the elliptic relaxation equa-
tion. In particular, in Fig. 8(b) it can be seen that their
amplification factors are violently fluctuating in the
range of y/2h= 0.3~0.8. Subsequently, the wall-
normal components of the redistribution are not cor-
rectly predicted in the whole region. The results for
these operators are induced by the spurious behavior
of the elliptic operators in the outer layer.

In Fig. 8(b) it can be seen that the present model
keeps to the neutral line in the rotating flow. Whereas,
the amplification factor I'), of the D, LD and W2
models is highly sensitive in the main region of the
channel. Therefore, unless these problems are solved
in the rotating flow these results of the elliptic relaxa-
tion models will fail to obtain good predictions. In Fig.
8(c) the profiles of the normal Reynolds stress com-
ponent are shown. The present model slightly under-
estimates them in comparison with KA-DNS on the
suction side, whereas it gives an improved prediction
at the other side. As shown in the previous section,
we see that the elimination of the amplification leads
to a satisfactory result without using any additional
term in order to obtain a rotation effect.

In Fig. 9, the redistribution tensor @, (=kf;) of
the Reynolds stresses obtained by the present elliptic
relaxation operator is compared with the KA-DNS
data for two rotation numbers, Ro=0.15 and 0.5.
The profile of the streamwise component £f;, in Fig.
9(a) is fairly well reproduced for both rotation num-
bers on the pressure side, except for an underpredic-
tion on the suction side. This trend also is shown in
the other two normal components in Fig. 9(b) and (c).
In Fig. 9(d), it is clear that the profile of £f,, is quite
well represented in the overall region in comparison
with the DNS data. It can be seen from these results
that the present elliptic operator is able to predict the
correct trend. This model is capable of exhibiting a
relaminarization in the suction side without an overes-
timation of the redistribution, which causes a falla-
cious amplification of the elliptic operator in the re-
gion of a lower Reynolds number.

Fig. 10(a) shows the mean velocity predictions
normalized by the bulk velocity by using three differ-
ent rotation numbers Ro=0.0, 0.15 and 0.5. The
peak point of the mean velocity is shifted towards the
suction side of the channel with an increase of the
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Fig. 9. The relaxed redistribution tensor compared with the

KA-DNS data Re =197 , Ro=0.15 and 0.5 in rotating

channel flow.
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Fig. 10. The results computed from the three different rota-
tion numbers at Re, =197 in the rotating channel flow: (a)
Mean velocity, (b) streamwise stress component, (¢) well-
normal stress component, (d) shear stress component.

0#

Ro=0.50

otation number. The profiles show that the width of
the linear slope region increases with the rotation
number, and the predictions of the present model
compare well with the DNS data. Figs. 10(b)-(d) pre-
sent the profiles of the Reynolds stress normalized by
a friction velocity. The streamwise stress component
u* corresponds to the DNS data in the suction side.
When the rotation rates are increased, the wall-normal
is gradually increased in the overall region,
and is correctly predicted at the suction side, as
shown in Fig. 10(c). In Fig. 10(d) the positions of
zero shear stress are shifted from the center of the

stress v*

channel towards the suction side when the rotation
numbers are increased. Overall, the present model for
an imposed system rotation shows good agreement
with the DNS data at higher rotation numbers. The
capture of a relaminarization by the present computa-
tion is a significant result since the present elliptic
relaxation model is obtained without using any addi-
tional empirical source term in the governing equa-
tions as well as the dissipation rate equation.

Figs. 11(a)-(c) are to present the normal Reynolds
stresses compared with the three DNS/LES results,
that is, the PL-LES, KA-DNS and EK-DNS. For a
higher Reynolds number Re, =320 and Ro=0.21,
the three normal components show a good overall
agreement with the PL-LES data except for a slight
discrepancy in the core region of the channel. In
comparison with KA-DNS, three normal stresses of
this model are quite well predicted, but the spanwise
component is slightly underpredicted in the overall
region. For a lower Re =150 and a higher
Ro=1.0, we have performed another computation
with EK-DNS data. As shown in Fig. 11, although
some differences exist in the magnitude of the three
normal Reynolds stresses in comparison with EK-
DNS, it can be seen that the present model, which is
not using an ad hoc additional rotating source, can be
applied to higher rotation numbers without serious
numerical instability.

For numerical stability, when the computation of
the original elliptic relaxation equation with the RSM
is performed in the application with a complex flow,
some users adopting this model have often suffered
from a numerical instability from its boundary condi-
tion. Especially, in a fully developed two-dimensional
channel flow, the shear component f,, is numeri-
cally unstable since in the near-wall region the bound-
ary condition of £, behaves as 1/y. In this work
this numerically unstable issue has appeared in
computing the flow of lower Reynolds numbers and
higher rotation numbers such as the EK-DNS test.
The reason for this seems to be associated with the
small amplification of the redistribution in the wake
region: By increasing the rotation number, due to the
stronger relaminarization on the suction side, the
amplification/reduction of the redistribution fluctuates
more violently than that of the pressure side. At this
time, the behavior of the spurious redistribution is
physically violated from natural law. As a result, the
/;, equation diverges. Here this issue is carefully
solved by adjusting the time step and its iteration
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Fig. 11. Normal Reynolds stresses compared with DNS/LES
data for the three different Reynolds numbers and rotation
numbers.

number.

5. Conclusions

Reynolds stress transport modeling in conjunction
with the elliptic relaxation approach as a near-wall
RANS model is the method to correct the redistribu-
tion term down to solid walls. It has led to very en-
couraging results for simple flow fluids such as the
fully developed plane channel flow. The important
key of these results is the wall blocking effect that
suppresses the velocity fluctuations primarily in the
wall-normal direction and creates the inhomogeneous
and anisotropic turbulence in the near-wall layer and
the lower part of logarithmic region. However, from
the present work it can be clearly seen that the ampli-
fication effect of the redistribution, which is induced
by the wall blocking, extends into the core region of
the channel, and then the behavior of the redistribu-
tion is violently amplified in the outer layer including
the wake region.

The amplification effects of the elliptic relaxation
equation are investigated for the elliptic operators and
their length scale. The behavior of the amplification
factor from the elliptic operators shows that the redis-
tribution of the non-neutral operators such as
Durbin’s original model is amplified more than that

of the neutral operators in the logarithmic layer.
However, the modifications of these neutral operators
are only induced in the logarithmic region. All of the
elliptic operators are dependent on the Kolmogorov
length scale in the near-wall region. The behavior of
the redistribution for its constant C,C, is very sensi-
tive. In particular, the effects in rotating flows are
more sensitive when increasing the relaminarization
on the suction side of the channel. It is related to the
numerical instability from an unphysical phenomenon
of the redistribution.

The present elliptic operator removes almost all the
amplification of the redistribution in the outer layer.
At the channel flow, this model is applied with good
results. Moreover, the present formulation shows
good agreement with the DNS data for a wide range
of rotation numbers without adopting an additional
empirical source term in the dissipation rate equation.
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o

Reynolds stress anisotropy
Second invariant
Turbulence model constant
Length scale constant
Time scale constant

Time scale constant
Diffusion of Tu,
Permutation tensor
Intermediate variable
Channel half width
Turbulent kinetic energy
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Pressure fluctuation
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Reynolds number
Rotation number
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uu, . Reynolds stress
Wall normal distance
Mean vorticity tensor

Greeks

o Constant of elliptic relaxation equation
J; Kronecker delta

£ Dissipation rate of &

& . Dissipation rate tensor

v Kinematic viscosity

P Density

o Intermediate parameter

o, Model constants of ﬁ

o, Model constants of &

Y, Two point correlation

o, Pressure strain or redistribution

r Amplification factor of f;

L, Amplification tensor factor of kf;
I, Velocity-pressure gradient correlation
Q Angular rotation rate

9, Relaxed redistribution
Superscript

+ : Normalization parameter

h :  Homogeneous

inh  : Inhomogeneous

p . Pressure part

qh : Quasi homogeneous

t . Turbulent part
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